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ABSTRACT 
The problem of t r a j e c t o r y  opt imiza t ion  is considered from t h e  s tand-  
p o i n t  of numerical  a n a l y s i s .  A numerical s o l u t i o n  is obta ined  f o r  a n  - 
assumed t h r u s t  ang le  h i s t o r y ,  and a n  e x p l i c i t  numerical  s o l u t i o n  is 
obta ined  f o r  t h e  l i n e a r i z e d  equat ions of motion f o r  neighboring s o l u t i o n s .  
With t h e  e x p l i c i t  s o l u t i o n  a v a i l a b l e ,  i t  is no t  d i f f i c u l t  t o  determine 
whether o r  no t  the  assumed s o l u t i o n  is optimum. The f i r s t  and second 
v a r i a t i o n s  toge the r  provide a s t r a igh t fo rward  i t e r a t i o n  method of  approach- 
ing  t h e  optimum s o l u t i o n .  It i s  of p a r t i c u l a r  i n t e r e s t  that the  procedure 
remains una l t e red  even by the  in t roduc t ion  of d i s c o n t i n u i t i e s  and i n t e r -  
mediate  c o n s t r a i n t s .  
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SUMMARY 
The problem of t r a j e c t o r y  op t imiza t ion  is cons idered  from t h e  s t and-  
p o i n t  of numerical  a n a l y s i s .  A numerical s o l u t i o n  i s  obta ined  f o r  a n  
assumed t h r u s t  a n g l e  h i s t o r y ,  and a n  e x p l i c i t  numerical  s o l u t i o n  is 
obta ined  f o r  t h e  l i n e a r i z e d  equat ions of  motion f o r  neighboring s o l u t i o n s .  
With t h e  e x p l i c i t  s o l u t i o n  a v a i l a b l e ,  i t  is  n o t  d i f f i c u l t  t o  determine 
whether o r  n o t  t h e  assumed s o l u t i o n  is optimum. The f i r s t  and second 
v a r i a t i o n s  t o g e t h e r  provide  a s t r a igh t fo rward  i t e r a t i o n  method of approach- 
ing  t h e  optimum s o l u t i o n .  It  is of p a r t i c u l a r  i n t e r e s t  that the  procedure 
remains u n a l t e r e d  even by the in t roduc t ion  of d i s c o n t i n u i t i e s  and i n t e r -  
media te  c o n s t r a i n t s .  
OPTIMIZATION W I T H  END POINT CONSTRAINTS 
The problem of t r a j e c t o r y  op t imiza t ion  can be cons iderably  s i m p l i f i e d  
i n  concept  i f  advantage is taken  of a v a i l a b l e  numerical  methods from t h e  
beginning.  To i l l u s t r a t e  the po in t ,  t h e  problem of  minimizing t h e  burning 
t ime r e q u i r e d  t o  m e e t  d e s i r e d  end condi t ions  w i l l  be  considered.  The d i f -  
f e r e n t i a l  equa t ions  d e s c r i b i n g  t h e  motion of t h e  v e h i c l e  are def ined  i n  
t h e  fo l lowing  v e c t o r  equa t ion :  
The problem is t o  minimize t h e  t ime  r e q u i r e d  t o  f u l f i l l  t he  fo l lowing  
cond i t ions  a t  c u t o f f :  
For some f u n c t i o n  ? ( t )  w i t h  a v e l o c i t y  cu to f f  c o n s t r a i n t ,  t he  fol low- 
ing numerical  s o l u t i o n  i s  obta ined:  
The l i n e a r i z e d  equat ions  of motion can be  so lved  e x p l i c i t l y  f o r  t h e  
same i n i t i a l  condi t ions  and c u t o f f  cond i t ions  t o  g i v e  a s o l u t i o n  of  the 
f ol 1 owing form J; : 
& = r n - r c +  r [ f l m  + f&X2 + ... 1 d t  
ne = en - 8 ,  + sfn[g’n* + g&2 + ... 1 d t  
t0  
f n  k lAX + h2 AX2 + ... d t  1 A t  = J 
(4) 
where 
-I< 
The d e r i v a t i o n  of t hese  equat ions  i s  desc r ibed  i n  d e t a i l  i n  Reference 2 .  
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The above equat ions  can be combined i n  t h e  fo l lowing  express ion:  
+ (h2 + Alfz  + Agg,) AX2 + ... d t  + Al(rn  - rc) 1 
This expres s ion  is g e n e r a l  a t  t h i s  p o i n t  and imposes no c o n s t r a i n t  on 
r ,  8 o r  AX(t). 
f o r  At: 
S e t t i n g  r = rc and e = ec g i v e s  t h e  fo l lowing  expres s ion  
,tn r 1 
(hl  + Alfl + A s 1 )  LSX + (h2 + Alf2 + A s 2 )  AX2 + ... 
I f  hl + Alf 
f u n c t i o n  a ( t )  over any i n t e r v a l  w i l l  i n c r e a s e  t h e  va lue  of At i n  a 
neighborhood. I f  t h i s  c o n d i t i o n  e x i s t s ,  t h e  f u n c t i o n  X ( t )  y i e l d s  a 
minimum v a l u e  of t l o c a l l y .  
such  t h a t  
+ A s 1  = 0 and (h, + Alf2  + A s 2 )  > 0, any change i n  t h e  
I f  h, + Alf, + A s l  # 0, cons ider  Al and 7~ 
- - 
The v a l u e s  of Aland A2 can be obtained by yhe method of least  squa res  o r  
any o t h e r  comparable method. 
AX = @? + EX g i v e s  the fo l lowing  expres s ion  f o r  At. 
S e t t i n g  Al = Al + nhl, A 2  = A2 + nh, and 
3 
At =fn{c(t) + nhlf1 + nhzg1 + 2(h2 + i1fz + Xs2) Dx - 1  6X + ... >,, 
Setting the weighting function for 6X equal to zero gives the 
following equation: 
For simplification, the following definitions are employed: 
u E(t) = + E - 2h: 
The expression for A? is the following: 
I 4 
The terms LA, and nh, can be determined by s e t t i n g  Ar = 0 and 
equat ions  ( 4 )  and keeping only  l i n e a r  terms. This  r e s u l t s  i n  the  fol low- 
ing  system of equat ions :  
= 0 i n  
Solving this  system f o r  ahl and nh, provides  the necessa ry  q u a n t i t i e s  
t o  determine Dx from equa t i zn  (10) a t  each time p o i n t  a long  t h e  t r a j e c t o r y .  
With t h e  new f u n c t i o n  X1 = X + AX, another  i t e r a t i o n  can be performed t o  
de te rmine  X,. This can be  continued u n t i l  r, - rc ,  8, - eC and ~ ( t )  a l l  
meet the  r equ i r ed  to l e rances .  Convergence of t h i s  i t e r a t i o n  process  
ensu res  t h a t  t he  f i r s t  o rde r  weight ing f u n c t i o n  i n  equa t ion  ( 6 )  is zero.  
S i m i l a r  ope ra t ions  can be  a p p l i e d  to  t h e  second o rde r  t e r m  i n  the  event 
that it is n o t  everywhere p o s i t i v e .  
INTERMED LATE CONSTRAINTS 
Assume that a t  some o t h e r  time, t,, which may o r  may n o t  be a func- 
t i o n  of X, a n  a d d i t i o n a l  c o n s t r a i n t  is imposed r e q u i r i n g  that some o t h e r  
f u n c t i o n  z ( t l )  = zc and that f o r  ? ( t ) ,  z ( t l )  = zl. 
can b e  w r i t t e n  as 
The express ion  f o r  Az 
j’ [m1B + m S 2  + ... d t .  
t0  
I & = z , - z c +  
I f  tl > tn, m, = 0 and m2 = 0 for < t S ti. Equat ion (12) can 
then  b e  w r i t t e n  as 
f n  [m1m + m S 2  + ... d t .  & = z , - z , +  I (13) 
5 
I f  to < t l  S t n ,  d e f i n e  ml = m2 = 0 f o r  t l  < t I; tn .  Then h can 
a l s o  b e  represented  by equat ion  (13). 
form t o  express ions  f o r  LYr and 08 appear ing  i n  equat ions  
a n a l y s i s  used b e f o r e  can be a p p l i e d  t o  the  c o n s t r a i n t s  that 
*This equa t ion  is i d e n t i c a l  i n  
(4) .  The same 
r ( t c )  = r c  
e ( t c )  = 0, 
v ( t c >  = v c  
z ( t 1 )  = zc. 
The r e s u l t i n g  expres s ion  is  obta ined  f o r  2: 
where 
- 
- I ml m 1 = - -  2hz E E = -  2hz - 
and xl, h2 and x3 have been determined as be fo re .  
and nh3 a r e  s o l u t i o n s  t o  the  fo l lowing  system of equa t ions :  
The v a l u e s  nhl, nh2 
6 
I 
I 
r" m g l  d t  + nh, mlEl d t  = m l Z  d t  + zc - 21. 
J 
mlr l  d t  + nh, 
t 0  t0  
The f a c t  that the  form of t h i s  system remains the  same whether the  con- 
s t r a i n t s  a r e  app l i ed  t o  the  end condi t ions  o r  a t  some o t h e r  p o i n t  a long the  
t r a j e c t o r y  makes t h i s  method r e a d i l y  adap tab le  t o  computer ope ra t ions  and 
a n  extremely . a e r s a t i l e  mu l t i s t age  o p t i n i z a t i o n  program could e a s i l y  be 
developed w i t h  a wide choice of c o n s t r a i n t s  imposed a t  a r b i t r a r y  po in t s  
a long t h e  t r a j e c t o r y .  
. 
APPENDIX 
An example t o  i l l u s t r a t e  t he  method has been completed* from the  
fo l lowing  i n i t i a l  condi t ions:  
x = 236.25546 km go = 2800.5746 mlsec 
9o = 635.94317 m/sec 
0 
= 6456.66782 km YO 
to = 184.99481 sec.  
The motion is assumed t o  be descr ibed  by t h e  fol lowing two- 
dimensional  system of d i f f e r e n t i a l  equat ions:  
.. F 
g’ 
x = - s i n  X + 2 m 
F 
j ; = ; c o s x + j ;  g’ 
= 9.81 m/secz,  r = 6370 km g o  r: g = - 7, go 0 
t - 184.99481 
100 TI = 
F 10.787315 
m 1.2867664 - .261282644~,’  - =  
184.99481 5 t < 412.85503 
t - 412.85503 
100 T2 = 
F 8.92405155 
m .69140715 - .212616813~, ’ - =  
412.85503 5 t < 523.87973 
F - = 0, m 523.87973 5 t < 528.87973. 
-I- 
The computer program used t o  solve t h i s  example was developed i n  coopera- 
t i o n  w i t h  James H i l l i a r d ,  R-COMP, MSFC, and is  descr ibed i n  Reference 4. 
9 
- -  F  1.96132994 t - 428.87973 
UI .36021199 - .046948359~, ' " = 100 
t 1 428.87973. 
F/m is i n  m/sec2 and t i s  i n  seconds.  
The problem is t o  determine the  f u n c t i o n  X which w i l l  minimize 
the  burning time r equ i r ed  t o  r each  the  fo l lowing  condi t ions :  
r = r = 6555.2 km 
v = vc = 7792.5746 mlsec 
C 
e = ec = 90". 
I n  a d d i t i o n  t o  the  above c o n s t r a i n t s ,  a n  in t e rmed ia t e  c o n s t r a i n t  
has been included which r e q u i r e s  that the  s p e n t  s t a g e  which s e p a r a t e s  
a t  t = 412.85503 seconds must,  moving on ly  under the  in f luence  o f  
g r a v i t y ,  pass through t h e  p r e s p e c i f i e d  p o i n t  (xl, yl) where 
XI = 2588.9871 km 
y1 = 5971.13760 km. 
The fol lowing f u n c t i o n  was i n i t i a l l y  assumed f o r  X: 
X = 75.111 + 1.1982 c ;,io) , 
where X is  i n  degrees  and t i n  seconds.  
The equat ions of motion were so lved  numer i ca l ly  by f o u r t h  o rde r  
Runge Kutta  a t  f ive-second time s teps  u n t i l  t h e  s t a g e  dropping o f f  a t  
t = 412.85503 seconds f u l f i l l e d  t h e  c o n d i t i o n  that x = x1 and the 
upper s t a g e  f u l f i l l e d  the cond i t ion  t h a t  v = vc. 
f u n c t i o n s ,  fly g l ,  ml and kl, were computed numer i ca l ly  by the method 
o u t l i n e d  i n  C h a p t e r  I of Reference 2. Cor rec t ions  t o  t h e  f u n c t i o n  X 
were determined from equat ions  (14) and (15) ,  and a n o t h e r  i t e r a t i o n  
was begun. A f t e r  the seventh  i t e r a t i o n ,  the fo l lowing  cond i t ions  were 
f u l f i l l e d :  
The weight ing  
10  
r(tc) = rc f O.lm 
v( tc)  = vc * 0.01 mlsec 
O ( t c )  = 9, f 10' r ad ians  
x ( t l )  = x1 * O.lm 
€(ti) = 0 f 10'6/radian. 
Figure 1 shows the  r e s u l t i n g  t r a j e c t o r y  compared wi th  the  s o l u t i o n  
that r e s u l t e d  when the  in te rmedia te  c o n s t r a i n t  w a s  removed. The t o t a l  
burning t ime w i t h  t h e  a d d i t i o n a l  c o n s t r a i n t  r e q u i r e d  7 6 8 . 6 0  seconds com- 
pared wi th  690 .24  seconds wi thout  t h i s  c o n s t r a i n t .  The a d d i t i o n a l  7 8 . 3 6  
seconds i n d i c a t e s  that t h i s  i s  a r a t h e r  expensive maneuver b u t  i l lus t ra tes  
t h e  v e r s a t i l i t y  of t he  method. 
The guidance a n g l e ,  X, is  shown i n  F igure  2 ,  where it is compared w i t h  
the  f u n c t i o n  used f o r  t he  f i r s t  i t e r a t i o n .  A complete t a b u l a t i o n  of X a t  
every  p o i n t  f o r  which i t  was computed is included i n  Table 1 a t  the  end 
of t he  appendix. I n  performing the numerical  i n t e g r a t i o n ,  t h i s  t a b l e  
was used wi th  second o rde r  i n t e r p o l a t i o n  employed t o  determine the  m i d -  
p o i n t  v a l u e  r e q u i r e d  by t h e  Runge-Kutta method. 
F igure  3 i l l u s t r a t e s  t h e  f i r s t  o rde r  weight ing func t ions  f,, g,, ml, 
and f,. These func t ions  a r e  tabula ted  f o r  s e v e r a l  time p o i n t s  i n  Table 1. 
For s i m p l i c i t y  they  have been rounded o f f  t o  the f o u r t h  decimal p lace .  
It can be r e a d i l y  v e r i f i e d  t h a t  they s a t i s f y  the  equat ion  h, + A,f , + 
A s 1  + A9, = 0 w i t h i n  a to le rance  of l e s s  than  one u n i t  i n  t he  last  
s i g n i f i c a n t  f i g u r e  f o r  t he  following va lues  of AI, A2 and A3. 
A, = .299026 seclkm 
A2 = .702527 lo3 s e c f r a d i a n  
A3 = - .633224 seclkm. 
mine 
a l s o  
- - 
Figure  4 shows the  func t ions  f,, El and h, which were used t o  d e t e r -  
t he  c o r r e c t i o n s  t o  X. The second order  weight ing func t ion ,  h,, is 
shown i n  t h i s  i l l u s t r a t i o n ,  and it can be seen  t o  be p o s i t i v e .  
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TABLE 1 
t ( s e c )  f l[km/rad s e c ]  gl[10'3/sec] ml[km/rad s e c ]  h l [ l / r a d ]  
185 
200 
25 0 
300 
35 0 
400 
412.9 
412.9 
450 
5 00 
523.9 
523.9 
528.9 
528.9 
550 
600 
650 
7 00 
750 
773.6 
- 2.2642 
-2.2895 
-2.3827 
-2.4932 
-2.6290 
-2.8032 
-2.8568 
-4.8807 
-4.9237 
-4.9454 
-4.9455 
0 
0 
-1.3418 
- 1.2401 
- .9809 
- .7032 
- .4169 
- .1317 
.oooo 
.9238 
.9679 
1.1380 
1.3542 
1.6382 
2.0267 
2.1507 
1.8953 
2.1708 
2.6950 
3.0395 
0 
0 
,847 2 
.8836 
.9823 
1.1000 
1.2384 
1.3997 
1.4886 
AI = .299026 seclkm 
h2 = .702527 I O 3  s e c / r a d  
-1.9664 
-1.9963 
-2.1054 
-2.2331 
-2.3880 
- 2.5837 
-2.6433 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
-1 .2171 
-1.2594 
-1.4201 
-1.6199 
-1.8769 
-2.2217 
- 2.3305 
.1280 
- .0527 
- .4146 
- .6565 
0 
0 
- .1939 
- .2499 
- .3968 
- .5625 
- .7454 
- .9440 
-1.0458 
h3 = -.633224 s e c / h  
16 
TABLE 2 
t (sec) 
184.99481 
185 
190 
195 
200 
205 
210 
215 
220 
225 
230 
235 
240 
245 
25 0 
255 
260 
265 
27 0 
27 5 
280 
285 
290 
295 
300 
3 05 
310 
315 
320 
X(degrees) t (sec)  
50.0558152 
50.0559990 
50.2312133 
50.4058228 
50.5798353 
50.7532584 
50.9261002 
51.0983688 
51.2700725 
51.4412196 
51.6118189 
51.7818790 
51.9514090 
52.1204181 
52.2889156 
52.4569111 
52.6244145 
52.7914357 
52.9579851 
53.1240733 
53.2897111 
53.4549096 
53.6196802 
53.7840346 
53.9479848 
54.1115432 
54.2747226 
54.4375359 
54.5999968 
3 25 
330 
3 35 
340 
345 
350 
355 
360 
365 
370 
375 
380 
385 
390 
395 
400 
405 
410 
412.855030 
412.855030 
415 
420 
425 
430 
435 
440 
445 
450 
45 5 
X(degrees) 
54.7621191 
54.9239170 
55.0854054 
55.2465994 
55.4075148 
55.5681676 
55.7 285747 
55.8887534 
56.0487 214 
56.2084973 
56.3681001 
56.5275498 
56.6868666 
56.8460719 
57.0051875 
57.1642363 
57,3232420 
57.4822289 
57.5733702 
125.234677 
124.935432 
124.236574 
123.535040 
122.830917 
122.124289 
121.415 244 
120.703869 
119.990252 
119.274482 
17 
TABLE 2 (Con t inued)  
t ( s e c )  
460 
465 
47 0 
47 5 
480 
485 
490 
495 
500 
5 05 
510 
515 
520 
523.879730 
523.879730 
526.379730 
528.8797 30 
528.879730 
530 
535 
540 
545 
550 
555 
560 
565 
570 
575 
580 
18 
X(degrees ) t ( s e c )  
118.556646 
117.836835 
117.115138 
116.391644 
115.666444 
114.939627 
114.211284 
113.481505 
112.750381 
112.018000 
111.284453 
110.549831 
109.814223 
109.242771 
109.24277 1 
108.874254 
108.505553 
108.5 0555 3 
108.340267 
107.602271 
106.863648 
106.124489 
105.384885 
104.644926 
103.904703 
103.164310 
102.423837 
101.683378 
100.943026 
585 
590 
595 
600 
6 05 
610 
615 
620 
625 
630 
635 
640 
645 
65 0 
655 
660 
665 
67 0 
67 5 
680 
685 
690 
695 
7 00 
7 05 
710  
715 
7 20 
X(degrees ) 
100.202874 
99.4630176 
98.7235515 
97.9845716 
97.2461745 
96.5084576 
95.7715192 
95.0354585 
94.3003754 
93.5663709 
92.8335468 
92.1020062 
91.3718527 
90.6431911 
89.9161274 
89.1907682 
88.467 2214 
87.7455956 
87.0260004 
86.3085466 
85.5933453 
84.8805090 
84.1701506 
83.4623837 
82.7573229 
82.0550831 
81.3557796 
80.6595283 
. 
. 
TABLE 2 (concluded) 
t(sec) X(degrees) 
7 25 
730 
7 35 
740 
7 45 
750 
755 
7 60 
765 
770 
773.599673 
79.9664454 
79.2766473 
78.5902504 
77.9073712 
77.2281261 
76.5526312 
75.8810022 
75.2133544 
74.5498023 
73.8904599 
73.4188071 
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